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Abstract

Graphical notation has been introduced and utilized in physics for years, but it still remains as
relatively minor notation compared to the conventional plaintext notation despite its effectiveness,
readability, and applicability. In this thesis, the graphical notation for vector calculus is reviewed and
generalized.

The essence and advantage of the graphical notation are illustrated with vector calculus as a
self-contained example. Basic rules are introduced and utilized to prove some representative vector
calculus identities, illustrating how concise and effective the graphical notation is. More generalized
concepts and notations, such as the algebra of gamma matrices and quantum mechanical commutation
relation, are reviewed to show how the notation can be modified and extended.

By enabling graphical notation to be readily applied and taught in undergraduate level vector
calculus, the entry barrier of graphical notation would be lowered and the practical use of the nota-
tion would be promoted. The generalization examples would encourage readers to manipulate and
invent graphical notations by themselves when needed, enlarging and diversifying the use of graphical
notation in general. This would lead to more concrete and efficient understanding and presentation

of physics.
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Chapter 1. Introduction

Notation is closely related to how to conceive concepts and utilize them. Vector notation is an
representative example worth mentioning. The modern vector notation was invented by Heaviside,
modifying the concept of quaternions.[10] Before that, electromagnetic laws were written for each
Cartesian component so that there were a lot more variables and equations than what is now being
commonly taught (see p. 486 of [16]), which makes it hard to grasp the meaning of them. In that
sense, presenting his concise notation, Heaviside himself wrote that “in the Cartesian method, we are
led away from the physical relations” whereas in vectorial algebra, vectors and their mutual relations
“are usually exhibited in a neat, compact, and expressive form, whose inner meaning is evident at a
glance to the practiced eye.” (p. 133 of [10])

There is a similar story regarding tensorial notation, but in a different form. Penrose’s graphical
notation is a way to express tensorial structures as a graph-like diagrams composed of lines, nodes and
more. In this notation, the expression is often more concise and convenient to handle, compared to
conventional plaintext notation. It seems that he devised the notation while dealing with spin network
and binor algebra, showing the isomorphism between expressions in binor diagrams and those written
in two-dimensional tensor expressions.[22] He greatly extended and utilized the notation throughout
his publications, especially to tensorial algebra and calculus.[18, 19, 20, 17, 21] Meanwhile, it needs
to be mentioned that there had been similar graphical approaches before him as well.[29, 30, 15]

Since late 20th century, the use of graphical notations has been accelerated not only for tensor
algebra and calculus but also other disciplines, such as group theory[7, 12, 9, 28], linear algebra[24,
25, 26, 27], quantum mechanics|6, 3, 2, 5, 1, 4], vector algebra[28] and vector calculus[13, 14]. The key
idea remains the same; indices in plaintext notation are replaced with lines, getting rid of the need
to specify every single index and consequently making equations more graspable and manipulatable
as a whole picture. In other words, graphical notation liberates us from one-dimensional written
instructions to two-dimensional drawn illustration.

Meanwhile, interestingly enough, vector calculus with graphical notation had not been covered
in literatures until very recently[13, 14] whereas all the other works has proceeded. The reason of
this late application, despite its applicability, might be attributed to the lack of interest and demand,
difficulty of drawing diagrams for publication, etc. Some might even conceive that vector calculus
does not need any new tools and it is an overkill to introduce graphical notation for vector calculus.

Nonetheless, the author claims that it is beneficial to introduce and spread the notation in early
stage of education so that students can adapt themselves to diverse tools and languages and get
benefits from each of them. They would find it much familiar and graspable when they see other
similar graphical approaches in more advanced topics.

To that end, in this thesis, the graphical notation on vector algebra and calculus are reviewed
and some applications and generalizations of the notation are covered, including the algebra of gamma
matrices and quantum mechanical commutation relation. This way of introduction would help readers

get familiarized to graphical notation and utilize it skillfully.



Chapter 2. Review of Vector Calculus with
Graphical Notation

This section introduces much of concepts and figures of the author’s previous publications.[13, 14]

For more detailed discussion, please consult with them.

2.1 Basic Rules

As briefly mentioned in the last section, the key of graphical notation is to replace indices with
lines. The names of quantities (such as FE for electric field and B for magnetic field) are put in boxes.
As we will see, this greatly reduces the visual complexity and bulkiness of equations, especially when
there are many entangled terms. To begin with, basic notations for scalars, vectors, and their simple

arithmetic operations are expressed as follows:

Scalars: f =
Vectors: A =
Scalar multiplication: fg = Izl

(2.1)
i
Addition /subtraction: f+g= + |z|
feB-—{a]s

Note that a vector has one attached line because it has one index, whereas a scalar has no attached
line. For their basic arithmetic notations, we simply follow conventional notation. When two objects

are juxtaposed to imply multiplication, their relative order or position has no significance. Namely,

E:@::...em.

2.2 The Inner Product and the Kronecker Delta

There are two representative vector products; the inner product and the cross product. The
inner product between two vectors A and B is defined as A - B = A;Bjé;; = A;B;, with Einstein
summation convention. This implies the same tail (index 7) is shared by two vector quantities, so we
can easily justify the inner product is denoted by . On the other hand, thinking about
the last equality, A;B;0;; = A;B;, gives a justification for the notation of the Kronecker delta. The
nature of the Kronecker delta is “changing the name of index into the other one”, or “connecting two
different indices”. In that sense, we can find a proper notation of the Kronecker delta, which is a

connecting line.



Note that the index marker, which is written in gray color, can be either turned on for clarification
of index or off for convenience. When it is turned off, the relative positions of line terminals are

presumed to carry the index information.

2.3 The Cross Product, the Levi-Civita Symbol, and the Scalar
Triple Product

We found the notation of the inner product and the Kronecker delta naturally, following the key
idea of graphical notation. For the cross product and the Levi-Civita symbol, however, we need to
devise notations for them. At first glance, one might think a box named epsilon with three attached
lines would work and it is fine to do so. Past literatures, however, have introduced a designaated
notations for them because of three reasons. First, the cross product (and the Levi-Civita symbol as
well) has special properties regarding index permutation. Second, the Levi-Citiva symbol is a constant
quantity—not a function of space coordinates. Lastly, it is used very frequently so that it is convenient
to denote them in a simpler way, rather than drawing boxes every time. The author sticks to the
tripod-shaped convention because of its simplicity, which has been introduced and used widely. A
more general notation for n-dimensional Levi-Civita symbol will be introduced in Ch. 4.2.

The cross product between two vectors is defined as (f_f X E)k = A;Bjeiji. First, it is an
operation that takes two input vectors and gives one output vector as a whole. Second, the operation
itself is antisymmetric; BxA=-Ax E, or equivalently €;;, = —¢e;;,. Lastly, it is symmetric under
cyclic permutation of indices (or equivalently under even permutation of indices), &;jx = €jri = Epij-
Considering these, the following notation has been used widely for simplicity and applicability. The
notation intrinsically involves the condition that the connected lines should be read counterclockwise

from the center.

/‘.
_ Ux B S
A o

J

If the Levi-Civita symbol( L ) is to be read clockwise, one should keep a minus sign in their
mind because of its antisymmetricity. Or, equivalently, if any two lines are swapped in the graph,
the term should be negated. Intuitively speaking, the lines are rigid near the center, so it generates
negating impact when two lines are swapped. Note that mere crossing of lines, without changing the
connectivity between lines and vectors (or indices), has no negating impact because we still read the
order of connected lines the same. Alternatively, crossing of lines can be thought as mere extension

of lines with the Kronecker deltas (€;jx = €1m01j0mk)-



Note that the codified rules for the products and symbols are implemented as the way how their
graphical representations are to be read. For the Kronecker delta, one end cannot be distinguished
from the other end which means ;; = 6;;, or equivalently A.-B = B-A. For the Levi-Civita, it
should be read counterclockwise, so that €;;, = € = €rsj, and negated if read clockwise, so that
Ejik = —Eijk

The scalar triple product is a combination of the dot product and the cross product. The scalar
triple product of three vectors /T, é, and C is defined to be [ﬁ,g,é} =4 (é X C_") and it has a
cyclic symmetry of {ff, E, Cj = {B', C_", /q = [6, A', Bﬂ This can be noticed by merely looking at the
graphical representation of it. Depending on where you start to read the product, or if you rotate the
whole graph, it is more than evident that the scalar triple product has the cyclic symmetry, which is

embodied as the rotational symmetry of the graph.

(2.6)

- [B.6.4] -

2.4 The Contracted Epsilon Identity and The Vector Triple
Product

The contracted epsilon identity is one of the core tools of vector algebra and calculus. It can be
formally proven with graphical notation, but let us take it for granted here (refer to P17 and P18 of

[14], if interested in). The graphical representation of the contracted epsilon identity is as follows:

€ijkEkim = Ojmdu —  0ji0im

Most of vector algebraic identities can be proven using this. Again, compared to the plaintext
notation, what the graphical notation provides is a fast and obvious approach. Without translat-
ing everything into plaintext notation and looking into every single index, it clearly shows internal

algebraic structure and enables us to proceed algebra efficiently. As an example, let us graphically



represent the vector triple product of three vectors /T, B', and C and apply the identity.

B (2.8)

)
/Tx(éxé) = B(A.

d - C(A- B)

For more such graphical proofs of vector algebra identities, please refer to I. A. of [14].

2.5 The Differentiation

What previous publications on graphical representation of vector identities (e.g. [28]) have not
covered is vector calculus identities, which involves differentiation of fields. Following Penrose’s con-
vention, a balloon-shaped loop with one attached line is a good way to represent differentiation, 9;,
because it is easy to denote and recognize what it is differentiating. The role of the attached line is
to specify the differentiation index.

There are two rules for differentiation; one is the product rule, 9;(fg) = 9;(f)g + f9:(g), and the

other is the commutativity of partial differentiation, 0;0; = 0;0;. Each of these rules are graphically

@ . @n . u@

!
%(flg +  [foly)

represented as follows:

9:(f9)

@ = @ < 0;0; == 0;0;. (2.10)

Some examples of differentiation-involved expressions are as follows:
(1) B (1) B q
= Vf, = V-4, = VxA, = &-Aj = (VA) (2.11)
v -
i J

Note that the gradient of a vector, V/Y, is naturally expressed. This is the illustration of one of

the benefits the graphical notation brings. The concept of tensors, a potentially tricky concept to
students, can be clearly and smoothly introduced.
Meanwhile, it is worth mentioning that any second order differentiation contracted with the

Levi-Civita symbol is itself zero, because of the commutativity of partial differentiation (symmetry



under changing two indices) and the antisymmetricity of the Levi-Civita symbol. This is relevant for
following identities: V x (Vf) =0, V- (V x A =0.

9999 -

The result is zero because it is the same as itself negated. The first equality comes from the com-
mutativity of derivatives, Eq. 2.10, and the third equality comes from the antisymmetry of the cross
product, Eq. 2.4.

2.6 Proofs of Some Vector Calculus Identities

Vector calculus identities can be proven by the combination of the rules that have been introduced
so far. One of the simplest cases is V - (A x B). Applying the product rule and reading the result
properly, the identity can easily be proven as follows. Note that the first term on the right-hand side

is read reversely (clockwise) and negative sign came out:

(2.13)

Other two examples worth mentioning are V x (A x B) and V x (V x A). The former needs
the contracted epsilon identity and the product rule for its proof. The latter needs the contracted
epsilon identity and the commutativity of partial differentiation. These examples illustrate the use-
fulness of graphical notation particularly well, because otherwise it takes some time to translate the
vectorial expression into plaintext notation, proceed the calculation, and translate it back to vectorial

expression.



! "
o9 @ &

A+BV B(V-A) —A-VB

3809 -

VX(VXA): (V-A)—
The last example to be illustrated is V(A - B), probably the most tricky identity to be both

derived and remembered. By the product law, the differentiation is distributed one by one. Here the

U:Jl
||

(A x

author utilized the notation for gradient of a vector field (refer to Eq. 2.11).

= + @ (2.16)

The next step is a bit tricky, because the contracted epsilon identity is applied reversely, from one pair
of the Kronecker deltas to another pair of the Kronecker deltas and one contracted epsilons. In most
cases, the identity is applied to break down one contracted epsilons into two pairs of the Kronecker
deltas. In this case, however, the original expression is somewhat complicated and it can be recognized

that switching them, namely || — X, would result in a simpler expression. Let us call this idea as the

“line-unweaving” approach. By applying the contracted epsilon identity, | | = X — X,
! ! ! (2.17)
—B-VA + B x

In the second equality, two lines of the upper epsilon is swapped and the term is negated. Finally, we

get the identity

— — -,

V(A -B)=(B-V)A+ B x (VxA)+ (A« B), (2.18)



where “Jr(/f > E)” means adding the same expression with A and B interchanged.

The “line-unweaving” approach is often used, not limited to || = X — X . More examples utilizing
the same approach would be introduced in following chapters (Ch. 3.1, 4.3, 4.4). As shown above,
in the graphical notation, it is quite clear that unweaving the lines would result in a more graspable

expression, whereas in the plaintext notation it is hard to find the motivation of the trick.



Chapter 3. Applications

Here two applications of the graphical notation are presented concisely. They are taken from the

author’s previous publication.[13] For more such applications, please consult with [13, 14].

3.1 Force Acting On A Point Dipole

Not only for deriving purely mathematical identities, graphical notation is directly applicable
to solving problems in physics. The first example is the electrostatic force acting on a dipole. The
potential energy U of a point dipole in the electric field E(F) is given by U = —p' E(F’) and hence the
force is given by F=_-VU = V(p- E(f’)) To compute this, because P is not a function of spatial
coordinates, applying the identity for V(A - B) is somewhat unnecessary and lengthy. Applying

differentiation to E gives what needs the line-unweaving approach.

(3.1)

The second term becomes 0 from one of the Maxwell equations, V x E= 0, from the assumption
of electrostatics. Note that it is evident “at a glance to the practiced eye” in the graphical nota-
tion, whereas it normally needs some time to be recognized in the corresponding plaintext notation,

0;(E;) pi €ijk €kim-

3.2 Different Readings Of The Same Graph

As shown in the embodiment of the cyclic symmetry of the scalar triple product as the rotational
symmetry of the graph, graphical notation is a powerful tool to clarify the internal structure of tensorial
expressions. Another simple but clear illustration of such advantage is the case when a graph is read

with different ways.

When (Ax B)-(C'x D) is notated graphically, it is obvious that it can be read either B-((C'x D)x A)

r (D x (A x B))-C. When notated with the plaintext notation, however, it is not evident at first
glace and needs a little bit of effort to be justified. Such identities sometimes appear in the middle
of solving physics problems as well, and the graphical notation can help students not be bothered by

mere index-changing processes.



Chapter 4. Generalization

So far, the graphical notation has been applied to only three-dimensional Euclidean vector space.
There are many directions of generalization. As mentioned in the introduction, there are other
graphical notations which deal with tensor calculus[18, 19, 20, 21, 23], group theory[28, 7, 9], lin-
ear algebra[24, 25, 27], quantum mechanics[3, 5], etc. Here the author would like to review some
of such graphical notations by adding more notational manipulations on the notation that has been
introduced through this thesis. Even though it is mostly review of other notations introduced in
previous publications, the author conceive that this approach has a pedagogical value that connects
the graphical notation for three dimensional vector calculus and more generalized ones by adding
notational rules, showing the relation of different notations and how a specific graphical notation can

be built from scratch.

4.1 Index Hierarchy and The Metric

In Euclidean vector space, it is unnecessary to introduce index hierarchy, or the differentiation
between upper and lower indices, because a vector and its 1-form share the same numerical components
by the definition of the length in the space. In Minkowski spacetime, however, the definition of the
spacetime interval is given differently, (As)? := —(Act)? + Zf’zl(Ami)Q (or its negative depending
on which convention to follow). Defining the metric g, = diag(—1,1,1,1) gives a concise expression
(As)? = g Azt Az = Az, Az* where z, = g,,z” and 2 = g"x, (g"” is the inverse of g,,). An
upper-index is called to be contravariant, and a lower-index covariant. In this way, the differentiation
between upper and lower indices, or the index hierarchy, is introduced.

In Penrose’s notational convention, the index hierarchy is implemented through the vertical asym-
metry of graphical space, similarly to that of plaintext notation. An upper index is denoted as a
heading-up line (called an “arm” by Penrose) and a lower index a heading-down line (called a “leg”).
The design of the metric g,,, and ¢g"” is simply a cap(N) and a cup(U), respectively. They embody
the nature of the metric well; when N is conjoined with a heading-up line (an upper index), the line
becomes heading-down (a lower index), and similarly U raises a lower index into an upper index. Note

that the Kronecker delta is now a straight vertical line.

noowy A A
uv = ﬂ ; g/w = U y Guu gy)\ = m = = 62) Guv gy“ = O = 55 =4 (41)
roov ol e

4.2 The General Levi-Civita and the Antisymmetrization

Now that we have a vertical hierarchy in the graph space, notations for more operations should be
introduced as well. Again, these notations stick to Penrose’s. First, the general n-dimensional Levi-
Civita symbol is denoted as a thick horizontal line with n lines, either heading-up or heading-down
depending on its contra/co-variance. The indices are read from left to right. The advantage of using

this shape for the general Levi-Civita symbol comes from the conciseness and consistency of its the

— 10 —



notational relation with the index antisymmetrization. The n-index antisymmetrization is graphically
denoted as n lines struck through by a thick black line. The relation between them are shown below.
Here we stick to Penrose’s notational convention as well. For the case of index antisymmetrization, it

is n! times the usual plaintext definition for simplifying normalization issue.

Eiyyoe yin = -|_|—|- , giin = (4.2)
n' 6i1 [Jl 6112j2 e i Jn % = E-jlx"' 7j'r1, Eih”. 7in (43)

Meanwhile, for the case of symmetrization, thick white lines are used for making it easy to be drawn
in computers, but one can always stick to a drawing-friendly convention (a thick wiggly line, for
example) depending on their preference. Here the simplest two-index (anti-)symmetrization relations

are explicitly shown.

nl 6", 6% g8 ) =

Heb owe v o] Y
nl 5“(]‘151.23'2"'52'"]‘%) — Ij—ﬁ‘:":’ 59,0 + 69 40¢, = %: ‘ ‘—|— >< (4.5)

Following the notation just introduced, some important linear algebraic quantities can be ex-
pressed and calculated graphically. The trace, the determinant and the inverse of a n by n linear
transformation can be expressed graphically. A vertically asymmetric shape is used to denote the

matrix to prevent confusion.

e Trace of an n by n matrix: Tr(4%;) = A%;.

)£

e Determinant of an n by n matrix: det(A) =g AL, ... A", ; equivalently,
det(A) = %Eil’m ’i"€j1’... 7jnAj1i1 s Ajnl

n

e Inverse of a n by n matrix:

—1ye _— _ 1 Uy i1,y in—1gs . Ji. ... Adn-1,
(A )j_ Jot(A) COf(A) det(A (n— 11 sz,gk P EN T e iy ATy e AT

W s

For more detailed application and extension, please consult with Ch. 14 of [21] and [24, 25, 26].

— 11 —



4.3 The Dirac Gamma Matrices

The Dirac equation is concisely notated as (iy"0, — m)y = 0, where 7" is a set of four by four
matrices satisfying the anticommutation relation {y*,v"} = y#v" 4+ yYy* = 29" 1454 where 14x4 is

a four by four identity matrix, diag(1, 1, 1, 1). In Dirac representation, gamma matrices are defined

as follows:
+1 0 0 0 0 0 0 +1
0 0 +1 0 0 1 0 0 +1 0
Y= y V=
0 0 -1 0 -1 0 0
0 0 0o -1 -1 0 0 0
0 0 0 —1 0 +1 0
0 0 +: 0 -1
¥ = . , 7=
0 +7 0 0 -1 0
-7 0 0 +1 0 0

The anticommutation relation is the fundamental property defining gamma matrices. Many
properties of them can be derived from the anticommutation relation, without referring to exact
numbers of the matrix components. It is, however, not really easy to calculate explicitly with plaintext
notation mainly because of bulkiness and intractability of indices. In graphical notation, however, it
is relatively easy and tractable. The graphical notation and derivation of gamma matrices’ properties
have been introduced by Kennedy and Cvitanovié.[8, 11, 12] In this section, the most basic calculations
of such works are presented.

Before getting started, it should be reminded that one gamma matrix is itself a four by four
matrix, which carries two index lines for matrix components. On top of that, there is another index
to enumerate gamma matrices. In that sense, gamma matrices should have three index lines! For
simplicity, however, we will omit two index lines for matrix components but rather add a horizontal
asymmetry which distinguishes “left” and “right”, so that matrices should be fixed horizontally and
interpreted in the order (conventionally, lines are used to denote matrix index lines). Similarly, the
identity matrix 14x4 will be omitted without loss of generality. It can be put again if needed, especially
when taking the trace: Tr(lyxa) = Tr(d)) = 0}, = 4.

The notation of symmetrization with a small change—arrow heads— is to be used as the notation
of anticommutation here. For real, if we deal only with the same kind of objects, they can be the same;
{47} = AHyY 4 APyt =2 ~H~¥) In general, however, anticommutation should be differentiated
from symmetrization, because {a#, f} = atBY 4 Yol £ atBY + a’fH = 2 a#BY), if a and B do
not commute.

Starting from the fundamental anticommutation relation of gamma matrices, y*v, = 4 can be

derived effortlessly.

= + 2 U (4.9)
!

Ay = A+ A = 29

— 12 —



1 L2 1
— — —.9 — 4 (4.10)
O]
7
" 1 BV 1 i
Yy, = ig;w{’y,v}zaﬂu =4

To derive some other identities, the “line-unweaving” approach is needed. The unweaving rule

can be taken from Eq. 4.11 as follows:

= - +2 U (4.11)
7

_ MV

V= Y+ 29

Utilizing the unweaving rule, following identities can be proven easily: v, 7/v* = —27", 7, Y’y " =

49", Y YMYT = —2974*47. The first and the second identities’ proofs are as follows:

- ) = -2 , (4.12)
— +2 =2 +2 =4U .
(

4.13)

Eq. 4.10 and Eq. 4.11 are utilized for the last part of Eq. 4.12 and Eq. 4.13, respectively.

More identities regarding gamma matrices, such as traces of the matrices or the matrices con-
tracted with four vectors are readily solvable by just connecting (here omitted) matrix indices and
attaching vectors to gamma matrice’s index line, respectively. This graphical notation and approach
enable the equations to be understood promptly and clearly, by showing how the calculation process

goes visually without referring to bulky indices.

4.4 Commutation Relations in Quantum Mechanics

So far in Ch. 4, the index hierarchy is kept turned on to differentiate contra/co-variance. In this
section, however, let the index hierarchy turned off but keep the horizontal asymmetry turned on,
because quantum mechanical operators are generally not commutable.

The canonical commutation relation, [r;, p;] = ih d;; is the fundamental commutation relation
and used to derive the angular momentum operator’s commutation relation. Even though the algebraic
steps are elementary, going through the process in plaintext notation can be tedious and one might

not find the trick promptly. In graphical notation, the whole process is fairly evident. Starting from

—13 —



the canonical commutation relation,

- ““ - =ih U (4.14)
I

[7i, p5] = Tp;  — Pjte =ihdy

the following unweaving rule is confirmed:

= ‘“ —ih U . (4.15)

Utilizing the unweaving rule between 7 and p, the commutation of angular momentum operations,

[Ls, ﬁ]] = [(7 X p);, (7 x p);], can be calculated as:

(4.16)

—Z —ih X ,
Zan

(4.17)

so that [IA/“ ﬁj] = ih 4k f/k. Note that, in Eq. 4.16, the motivation to attack one of the contracted
epsilons is obvious and the process is clear. In Eq. 4.17, terms except the 2nd one is zero because of
having symmetric and antisymmetric properties at the same time (refer to Eq. 2.12).

Now that we have a commutation relation between angular momentum operators, we can similarly
obtain the commutation relation between the angular momentum operator and the square of the total
angular momentum. From the commutation relation [[A/“ I:J] = ih €iji ﬁk, the unweaving rule is

taken, together with the weaving rule this time:

Applying the rules consecutively to L2 L, gives the commutation relation [I:Q, [A/l] = 0, or equivalently
L2 L; = L; L2, as follows:

= +ih

The first equality comes from the weaving rule, and the second from the unweaving rule. The strength

= (4.19)

of graphical notation here is that it effectively carries only the essential information so that both cal-

culation and its understanding can be clearer and faster than traditional plaintext notation, especially

— 14 —



when dealing with more terms and indices.

— 15—



Chapter 5. Conclusion

So far, the efficiency and applicability of the graphical notation is illustrated by providing graphi-
cal rules and proofs of vector calculus identities in three-dimensional Euclidean space. Its modification
for more generalized use is also discussed in detail in the context of tensor/linear algebra, gamma ma-
trices’ relation and the commutation relation in quantum mechanics, so that readers are encouraged
to use and devise graphical notations by themselves based on their need.

Graphical notation brings many advantages. First, it visualizes equations and consequently makes
it more memorable and intuitively manipulable. The speed of calculation is boosted as well. Second,
the desirable direction of calculation is often more evident in graphical notation. One can get a hint
from the connectivity of lines, not from reading and matching every single index. Third, it is readily
translatable to either vectorial or plaintext notation. In principle, graphical notation can be used as
the standard language for vectorial/tensorial calculation, because of its readability and efficiency as
well as easy translation. Fourth, the concept of tensors is naturally introduced, where its calculation
and manipulation is still clear in graphical notation. Lastly, it can function as the exemplified “toy
model” of graphical notation, so that students can adapt themselves into graphical notation and study
more advanced topics by modifying and developing what they are already familiar with.

Historically speaking, Fuclidean vector calculus has not been the topic of graphical notation,
of which the reason is not certain. Some plausible explanations might be (1) there have been few
researchers who actively use graphical notation in general, and “mere” vector calculus have not been
their main interest because it is already simple enough or has not many topics to conduct research; (2)
the advantage of and the potential demand on graphical notation in vector calculus is underestimated
so that there has been low motivation to introduce it.

It does not seem probable that no one used graphical notation for vector calculus before the work
of Kim, Oh and Kim [13]. Rather, it seems to be a coincidence that previous publications did not cover
vector calculus in graphical notation. In that sense, this thesis and the material provided by Kim et
al. [13, 14] would hold a high pedagogical and educational value because undergraduate level vector
calculus itself is concisely and efficiently introduced in the graphical language, as well as its further
applications and generalizatoins are provided for more advanced topics. To that end, the author hopes
for many educators and students to find these materials useful and enjoyable. Graphical notation
would change the activities of vector calculus classes from index-reading and formula-memorizing to

graph-drawing and prompt formula-deriving, which would be more creative and interesting.

— 16 —



1]

References

Bob Coecke. Kindergarten Quantum Mechanics: Lecture Notes. In AIP Conference Proceedings,
pages 81-98. AIP, jan 2006.

Bob Coecke. New Structures for Physics (Lecture Notes in Physics). Springer, 2010.
Bob Coecke. Quantum picturalism. Contemporary Physics, 51(1):59-83, jan 2010.

Bob Coecke and Ross Duncan. Interacting quantum observables: categorical algebra and dia-
grammatics. New Journal of Physics, 13(4):043016, apr 2011.

Bob Coecke and Aleks Kissinger. Picturing Quantum Processes : A First Course in Quantum

Theory and Diagrammatic Reasoning. Cambridge University Press, 1st edition, 2017.

Bob Coecke and Eric Oliver Paquette. Categories for the Practising Physicist. In Bob Coecke,
editor, New Structures for Physics, pages 173-286. Springer, 2010.

Predrag Cvitanovi¢. Group theory for Feynman diagrams in non-Abelian gauge theories. Physical
Review D, 14(6):1536-1553, sep 1976.

Predrag Cvitanovic and A. D. Kennedy. Spinors in Negative Dimensions. Physica Scripta,
26(1):5-14, jul 1982.

Predrag. Cvitanovic. Group theory: birdtracks, Lie’s, and exceptional groups. Princeton Univer-
sity Press, 2008.

Oliver Heaviside. FElectromagnetic theory, volume 1. 1893.

V. A. Ilyin, A. P. Kryukov, A. Y. Rodioniov, and A. Y. Taranov. Fast algorithm for calculation
of dirac’s gamma-matrices traces. SIGSAM Bull., 23(4):15-24, October 1989.

A. D. Kennedy. Diagrammatic methods for spinors in feynman diagrams. Phys. Rev. D, 26:1936—
1955, Oct 1982.

Joon-Hwi Kim, Maverick S. H. Oh, and Keun-Young Kim. Boosting vector calculus with the
graphical notation, 2019. arXiv:1911.00892, currently in submission process to Am. J. Phys.

Joon-Hwi Kim, Maverick S. H. Oh, and Keun-Young Kim. An invitation to graphical tensor
methods: Exercises in graphical vector and tensor calculus and more, 2019. Supplementary
Material for Kim et al, “Boosting Vector Differential Calculus with the Graphical Notation”.

I B Levinson. Sums of Wigner coefficients and their graphical representation. Proceed. Physical-
Technical Inst. Acad. Sci. Lithuanian SSR, 2(17):4-9, 1956.

James Clerk Maxwell. A dynamical theory of the electromagnetic field. Philosophical Transactions
of the Royal Society of London, 155:459-512, jan 1865.

— 17 —



[17]

[18]

[19]

[23]

[24]

[25]

R. Penrose and M.A.H. MacCallum. Twistor theory: An approach to the quantisation of fields
and space-time. Physics Reports, 6(4):241-315, feb 1973.

Roger Penrose. Tensor methods in algebraic geometry. PhD thesis, St John’s College, Cambridge,
1957.

Roger Penrose. Angular momentum: an approach to combinatorial space-time. Quantum theory
and beyond, pages 151-180, 1971.

Roger Penrose. Applications of negative dimensional tensors. Combinatorial mathematics and

its applications, pages 221-244, 1971.

Roger Penrose. The road to reality: A complete guide to the physical universe. Vintage Books,
New York, vintage edition, 2007.

Roger Penrose. Theory of quantized directions. In Roger Penrose, editor, Roger Penrose: Col-
lected Works, chapter 31, pages 769-800. Oxford University Press, Oxford, 2010.

Roger Penrose and Wolfgang Rindler. Spinors and space-time, volume 1 of Cambridge Monographs

on Mathematical Physics. Cambridge University Press Cambridge, 1987.

Elisha Peterson. Trace diagrams, representations, and low-dimensional topology. PhD thesis,

University of Maryland, apr 2006.

Elisha Peterson. A Not-so-Characteristic Equation: the Art of Linear Algebra. arXiv e-prints,
page arXiv:0712.2058, Dec 2007.

Elisha Peterson. On A Diagrammatic Proof of the Cayley-Hamilton Theorem. Technical report,
United States Military Academy, 2009.

Elisha Peterson. Unshackling Linear Algebra from Linear Notation. arXiv e-prints, page
arXiv:0910.1362, Oct 2009.

Geoffrey E Stedman. Diagram techniques in group theory. Cambridge University Press, Cam-
bridge, 2009.

J. J. Sylvester. On an Application of the New Atomic Theory to the Graphical Representation
of the Invariants and Covariants of Binary Quantics, with Three Appendices. American Journal
of Mathematics, 1(1):64-104, 1878.

Adolfas P Yutsis, V Vanagas, and I B Levinson. Mathematical apparatus of the theory of angular

momentum. Israel Program for Scientific Translations, 1960.

— 18 —



Summary

Graphical Notation for Vector Calculus and Its Generalization
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